





WELCOME TO AS MATHEMATICS

The aim of this booklet is to help ensure that you are confident in the skills required to be
successful at International A Level (IAL) mathematics.

The main focus is on developing skills, as opposed to learning new material. So | suggest that
you don't approach it with the mind-set “what do | have to do to get full marks?” but “what
can | learn that will help me in my future studies?”

You want to be fluent in a number of aspects of iIGCSE work - not just able to get an answer
that would score a mark in an examination. For example, you will want to get a result in a
form that you can go on and use readily. So there will be an emphasis on real fluency in
algebra.

You will need to get into some good habits to become a successful IAL Maths student, and
completing this booklet in small regular steps will certainly help. Do not be afraid of any of
this; but you will find the path easier, enjoy it more and be more confident if you are really on
top of the basicskills and vocabulary of the subject before you start putting it together during
your IAL studies.

One recurring theme is; just because you can multiply out brackets, it doesn't mean that you
should. At this level it is often better to keep an expression in its factorised (bracketed) form.

Wishing you the best of luck for your results and | look forward to seeing you in September.




Just a few things to remember

WHAT WILL YOU STUDY IN AS
MATHEMATICS?

Specification:
« International Advanced Level Mathematics Specification

Sample Assessment Material:
e Sample Assessment Material

« Mathematical Formulae and Statistical Tables

e« Mathematical Formulae and Statistical Tables



https://qualifications.pearson.com/content/dam/pdf/International%20Advanced%20Level/Mathematics/2018/Specification-and-Sample-Assessment/international-a-level-maths-spec.pdf
https://qualifications.pearson.com/content/dam/pdf/International%20Advanced%20Level/Mathematics/2018/Specification-and-Sample-Assessment/International-A-Level-Maths-SAMs1.pdf
https://qualifications.pearson.com/content/dam/pdf/International%20Advanced%20Level/Mathematics/2018/Specification-and-Sample-Assessment/IAL-Mathematics-Formula-Book.pdf

Content and assessment overview

Each unit:
e is externally assessed
e has a written examination of 1 hour and 30 minutes

« has 75 marks.

Unit *Unit Availability | First 1AS 1AL Content overview
code: assessment | weighting | weighting
Pure Mathematics units
P1: Pure WMAL1/01 | January, January 33U % 163 % Algebra and functions; coordinate geometry in the
Mathematics 1 June and 2019 (x, 11.'],', trigonometry; differentiation; integration.
October
P2: Pure WMAL12/01 | January, June 2019 33% % 16% % Proof; algebra and functions; coordinate geometry
Mathematics 2 June and in the (x, ¥) plane; sequences and series;
October exponentials and logarithms; trigonometry;
differentiation; integration.
P3: Pure WMA13/01 | January, January NfA 16% % Algebra and functions; trigonometry; exponentials
Mathematics 3 June and 2020 and loganthms; differentiation; integration;
October numerical methods.
P4: Pure WMA14/01 | January, June 2020 N/A 16%: % Proof; algebra and functions; coordinate geometry
Mathematics 4 June and in the (x, ¥) plane; binomial expansion;
October differentiation; integration; vectors.
S1: WSTO1/01 January, June 2019 33% % 16% % Mathematical models in probability and statistics;
Statistics 1 June and representation and summary of data; probability;
October correlation and regression; discrete random
vanables; discrete distributions; the Normal
distribution.
M1: WMED1/01 | January, June 2019 33% % 16% % Mathematical models in mechanics; vectors in
Mechanics 1 June and mechanics; kinematics of a particle moving in a
October straight line; dynamics of a particle moving in a
straight line or plane; statics of a particle;
moments.




Monitoring Your Progress

All students will sit an internally set exam within the first week of the course
which will test the essential knowledge required for success at IAL. This will be
based on the work covered in this Transition Booklet.

Throughout the course you will be expected to complete a formal Progress
Check once a chapter has been studied. These might occur at weekly intervals
and you will be expected to have completed all preparation work supplied for
these.

Departmental Expectations

You are expected to take responsibility for yourself to ensure that you catch
up on any missed work due to absence, or seek further guidance on specific
topics causing confusion. Please do not bury your head in the sand if you are
experiencing difficulties. Most problems can be sorted out when tackled at an
early stage. Leaving it for 3 weeks is too late.

Studying IAL is very different from taking iGCSEs and for most of you will be
the hardest two-years of study that you every undertake. On all courses, the
pace will be much faster than what you are used to at school, meaning that
homework is very important just so you can keep up with the course. The
amount of homework you have to do will be much more than at iGCSE, and if
you are stuck you will be expected to actively seek out help so that you can
hand in completely finished homework by the deadline, for instance by sending
your teacher an emall or arranging to see them during a study period,
lunchtime or before or after school.

It goes without saying that you are expected to attend all lessons, on time, and
with the correct equipment.



Once a concept has been covered in class, it is expected that you go away
and work through the textbook exercise for that section as soon as possible,
ensuring as an absolute minimum that you have completed all of the E, P
and E/P questions.

Support:
Should you find you want extra practice on any of the topics, follow this link:
Transition to A level Mathematics resources: Essential Skills | AMSP

Here you will find detailed PDFs on each of the key topics from iGCSE that
you will rely on in |AL Maths.

Transition Task

These are the skills from the higher tier IGCSE that you should be fluent
with in order to make a successful transition to |AL Maths. | would expect
everyone to be comfortable with the majority of questions in this booklet.

The questions marked with a RED box are CHALLENGING questions that
would have been Grade 8, 9 or beyond. Please feel free to try these as well,
however, be aware that some will prove difficult!

These are practice to build your confidence. You do NOT have to complete all
questions.

Contents

1 Algebra 3
2 Trigonometry 29
3 Graphs 36
Further reading 47
Answers, hints and comments 48

Work highlighted in red is
good extension works to attempt.


https://amsp.org.uk/teachers/11-16-maths/transition-to-level-3-maths/essential-skills/

1. Algebra

Many people dislike algebra; for many it is the point at which they start
switching off mathematics. But do persevere - most of it is natural enough
when you think about it the right way.

Essential GCSE Skill 1: Algebra

Mon-
Calculator From GCSE you should be able to: For more help:

Solve equations with the unknown on both
sides.

—

¥ Changing the subject of a formula.
Algebraic expressions.

Expand brackets Spac. Maths

Factorise linear expressions

_ _ ) Corbett Maths
Factorise quadratic expressions
Factorise quadratic expressions by
completing Save My Exams

the sguare.

olve guadratic equations by factorising

solve guadratic equations by completing the
sguare method.

Solve guadratic equations by using the
farmula.

Factorise and simplify algebraic fractions




1.1 Simple algebraic expressions

Some very basic things here, but they should prove helpful.

Are you fully aware that X and Lx are the same thing?
4 4

Example 1 Find the value of a for which §(3x-4)= 3Cx—-4)

is always true.

Solution Dividing & by 11 and multiplying by {3x — 4) is the same as multiplying & by
(3x —4) and dividing by 11. Soa=11.

You do not need to multiply anything out to see this!

3
Remember that in algebraic fractions such as —— | the line has the same effect as a

r—2
bracket round the denominator. You may well find it helpful actually to wrife in the bracket:
3
(x-2)
Example 2 Solve the equation 3 =12.
x —_—

Solution Multiply both sides by (x — 2): 3=12{x-2)

Multiply out the bracket: 3=12x-24

Add 24 to both sides: 27=12

Divide by 12: x=%=2%-

A common mistake is to start by dividing by 3. That would give b =4 [notx—2=4] and

you will still have to multiply by (x — 2).

Don't ever be afraid to get the x-term on the right, as in the second to last line of the working.
After all, 27 = 12x means just the same as 12x = 27!




Example 3 Make cos 4 the subject of the formula 22 = 52 + ¢2 — 2bc cos 4.

Solution Here it is best to get the term involving cos 4 onto the lefi-hand side first,
otherwise you are likely to get in a muddle with the negative sign. So:

Add 25¢ cos 4 to both sides: A+ 2bccos d=01+ 2

Subtract a? from both sides: 2hccos A=+ -g?

Divide by 2bc- cosq4=2 1
2bc

Rearranging the Cosine Formula is always a dangerous area, as you may well have found at
iGCSE. Some people actually prefer to memorise this formula for cos 4.

Example 4  Solve the equation  1(2x+3)=1(4x-9)

Solution Do not multiply out the brackets to get fractions — that leads to horrible
numbers! Instead:

Multiply both sides by 15: 13x1(2x+3)=15x1(4x-9) Choose 15 as it
gets rid of all
Cancel down the fractions: 3xdi(2x+3)=1(4x-9) the fractions.

9(2x +3)=T7(4x-9)

MNow multiply out: 18x+27=28x-63
00 =10x
Hence the answer is x=0

This makes the working very much easier. Please don’t respond by saying “well, my
method gets the same answer’l You want to develop your flexibility and your ability to find
the easiest method if you are to do well at A Level, as well as to be able to use similar
techniques in algebra instead of numbers. It's not just this example we are worried about —
it's more complicated examples of a similar type.



Exercise 1.1

1 Find the values of the letters p, g and r that make the following pairs of expressions
always equal.
. 3(2-7
@ =X B erey=E) g je-79-T0
- E .
2 Solve the following equations.
60 35 20 1
a =12 b =35 C — ==
@) x+4 (®) 2x-3 (©) 6—x 2

3 Make cos C the subject of the formula ¢2 = a? = »2 - 2ab cos C.

4  (a)  Multiply IT’:} by 8. (b)  Multiply (x +2) = 3 by 12.
(c) Multiply =(x+7) by 6. (d) Multiply & (x —3) by 2.

3 Solve the following equations.
(a)  L(2x+3)=2(x-2) (b)  L(5x+11)=2(2x-4)

(€) (x+1)=L(2x+1)

b Make x the subject of the following equations.
(a) %{-::I+d}=:r+l (b) %{ax+d}=§{x+ld}

T Simplify the following as far as possible.

a+a+a+a+a b+b+b+bh

(a) - () —
5 b

CRERERERE dxd=d=d

(c) (df ——

c 4




1.2 Algebraic Fractions

Many people have only a hazy idea of fractions. That needs improving if you want to go a
long way with maths — you will need to be confident in handling fractions consisting of letters
as well as numbers.

Remember, first, how to multiply a fraction by an integer. You multiply only the top [what
happens if you mulfiply both the top and the bottom of a fraction by the same thing?]

Example 1 Multiply * by 3.
Solution 4 =3 =12, sothe answeris =

Sometimes you can simplify the answer. If there is a commaon factor between the denominator
(bottom) of the fraction and the number you are multiplying by, you can divide by that common
factor.

Example 2  Multiply — by 3.
Solution 39+ 3=13, sothe answeris .

You will remember that when you divide one fraction by another, you turn the one you are
dividing by upside down, and multiply. If you are dividing by a whole number, you may need
to write it as a fraction.

Example 3 Divide - by 5.

Solution —+3=21xl, sothe answeris —.

=

But if you can, you divide the top of the fraction only.

Example4  Divide & by 5.

Solution Lxi=2 sothe answeris . Note that you divide 20 by 5.

Do not multiply out 3 = 43; you'll only have to divide it again at the end!

Example 5  Multiply 3_1 by 2.
IV

"

Solution 3 x 2 = 6x, so the answeris 2% _ (Not 5% 1)
Ty 14y



Example 6  Divide 3% by .
X

Solution :1_ +)ym= 34: % - i"? i—: so0 the answer is 3— . [Don't forget to simplify |

Example 7 Divide '?g: by T.

Solution  —ex,r- 290X, 1_IOX

100 100 T 1007
POR

Here it would be wrong to say just % which is a mix (as well as a messl)

Double fractions, or mixtures of fractions and decimals, are always wrong.

For instance, if you want to divide 2= b]r 2, you should not say i'.l.::_:n but = .

2 2z

This sort of thing is extremely important when it comes to rearranging formulae.

Example 8 Make r the subject of the equation V= 17nrih.
Solution Multiply by 2: 2V =nrh Don't “divide by +”.
;. i 2V
Divide by = and A: =r
xh
: 2V
Square root both sides: r=_|—.
xh
’ F E -
You should not write the answer as ‘“E or 1—11- i, as these are fractions of fractions.
e X

Make sure, too, that you write the answer properly. If you write ¥2I7h it's not at all clear that
the whole expression has to be square-rooted and you will lose marks.

If you do get a compound fraction (a fraction in which either the numerator or the denominator,
or both, contain one or more fractions), you can always simplify it by multiplying all the terms,
on both top and bottom, by any inner denominators.



L+1

Example 9  Simplify *"‘-’1‘1
— 1
x—1

Solution Multiply all four terms, on both top and bottom, by {x — 13:

L_F]_ (I_
x-1 _ x-
1 (x—-1)
—1 ——{x-1
x-1 x-1 (x-1)

1:) +(x-1)

_L+(x-1)
1-(x-1)

2—-x

You will often want to combine two algebraic expressions, one of which is an algebraic
fraction, into a single expression. You will no doubt remember how to add or subtract
fractions, using a common denominator.

Example 10 Simplify —— ———
-1 x+1
Solution Use a common denominator. [You must freat (x — 1) and (x + 1) as separate

exprassions with no common factor ]

3 1 3ix+h)-(x-1)
-1 x+1 (x—1{x+1)

_31’+3—x+1 2x+4

C(x=Dix+D) (x-1Nx+1)

Do use brackets, particularly on top — otherwise you are likely to forget the minus at the end
of the numerator (in this example subtracting -1 gives +1).

Don't multiply out the brackets on the bottom. You will need to see if there is a factor which
cancels out (although there isn't one in this case).



2 3
Example 11 Simpli = )
- P v e

Solution
denominator factorises first.

2 3 2 3
+ +

Watch out for Difference of 2
Squares — They are very
commaon

3x—3 -1 3(x-1) (x+Dx-1)

_2(x+1)+5x3
Hx—1)x+1)

_ 2x+2+15
(x-1x+1)

_ 23417
Hx—-1){x+1)

A common denominator may not be obvious, you should look to see if the

x—1 is a common
factor, so the common

denominator is
Ix-1xx+1).

If one of the terms is not a fraction already, the best plan is to make it one.

Example 12 Write i+l as a single fraction.

x+1
Solution 3 +2= 3 +E
x+1 x+1 1
_3+2(x+1)
x+1
_lI+5
x+1

This method often produces big simplifications when roots are involved.




Example 13 Write —~__ + .fx_2 as a single fraction.
] e

Solution

, . . . . X
It is also often useful to reverse this process — that is, to rewrite expressions such as Pl
I j—

The problem with this expression is that x appears in more than one place and it is not very

easy to manipulate such expressions (for example, in finding the inverse function, or
sketching a curve). Here is a very useful trick

. where @ and & are integers.

Example 14 Write X intheform a=+

r-—2 T —
Solution ro_ (x-2)+2 « Write “the top” as "the bottom
x-2 x-2 plus or minus a number”.
-2 2
= +—
-2 x-2
=1+i



Exercise 1.2
1

-

Work out the following. Answers may be left as improper fractions.

@ T4 O
O (0
: 5 :

(1) ? »3x i)

Make x the subject of the following formulae.

(a) id=m?  (b)

3.3
11

3x
=

3y?
}: ®3x

X Z

V=4imd

Simplify the following compound fractions.

l+1

() T— (b)
—+3
X

Write as single fractions.

Write as single fractions.

(a) {%ﬁ+¢§

| b2

+1
X
3.
X
2 b
-3 x1+2
2x 5
x+1

2x
(b)
Nx+3

Write the following in the form 1+ 2

x+1

(a) — (b)

x-=5

x+b

r+3

x+1

(c)

(g)

®  EY a0

() slu+v)=u (d)

—1+2
{E] X+

L+1

x+1

1 1
© o na@
3 1

(@) 2x-1) 4x -1
+Jx+3 (c)

x+2
X+5

x+2

-
I
=

-
I
[



1.3 Quadratic Expressions

You will no doubt have done much on these for GCSE. But they are so prominent at A Level
that it is essential to make sure that you are never going to fall into any fraps.

First, a reminder that (a) (x +3) is not equal to x* + @

(b) -.||1':—_‘|': is not equal to x + y.

It is tempting to be misled by the notation into making these mistakes, which are really optical
illusions. If you always remember that "square” means "multiply by itself” you will remember that

(x+3 =(x+(r+N=xt+3x+3x+9 =32 +6x+9.

From this it follows, of course, that

Jid +Ex+9=(x + 3),

So. be aware that 43~ +9 canthe x + 3.

In fact 4x* +9 does not simplify. Nor do +x* —9 or /9— " _ If you are tempted to think that

they do, you will need to make a mental note to take care whenever one of these expressions
comes up.

A related process is to write a quadratic expression such as x* < 6x <11 in the form
(x+a) +b_ This is called completing the square. It is often useful, because x* <6x =11 is
not a very transparent expression — it contains x in more than one place, and it's not easy either

to rearrange or to relate its graph to that of 2.

Completing the square for quadratic expressions in which the coefficient of +% is 1 (these are

called monic quadratics) is very easy. The number a inside the brackets is always half of the
coefficient of x.



Example 1 Write x2+ 6x + 4 in the form (x + a)* + & by completing the sguare.
Solution x%+6x+4isamonic quadratic, so a is half of 6 = 3.
When you multiply out (x + 3}, you get x2 + 6x + 9.
[The x-term is always twice a, which is why you have to halve it to get a ]
x?+ 6x + 0 isn’t quite right yet; we need 4 at the end, not 9, so we can write
XH+or+4=(x+3¢-9+4

—(x+32-5.

This version immediately gives us several useful pieces of information. For instance, we now
know a lot about the graph of y=x2 + 6x + 4:

- + Itis a translation of the graph of v = x% by 3 units to the left and 5 units down
e [tz line of symmetry is x = -3

o lis lowest point or vertex is at (-3, -3)

We also know that the smallest value of the function x2 + 6x + 4 1z —5 and this occurs when
x=-3.

We can also solve the equation x? + 6x + 4 = 0 exactly without having to use the guadratic
equation formula, to locate the roots of the function:

¥+ox+4=0
= (x+3)PE-5=0
=  (x+3¥=3
=  (x+3)=zx45 [don't forget that there are two possibilities!]
= x=-3+45

These are of course the same solutions that would be obtained from the quadratic equation
formula — not very surprisingly, as the formula itself is obtained by completing the square for the
general quadratic equation ax? = bx + c=0.




Non-monic quadratics

Everyone knows that non-monic quadratic expressions are hard to deal with. Nobody really likes

trying to factorise 6x* + 5x — 6 (although you should certainly be willing and able to do so for A
Level, which is why some examples are included in the exercises here).

Example 2 Write 2x%+ 12x+ 23 in the form a(x + #)* + ¢ using completing the

Solution First take out the factor of 2 from the first two terms:
2t + 120+ 23 = 2(x2 + 6x) +23
Mow we can use the method for monic quadratics to write
Xr+ox=(x+3)2-9
Therefore:
28+ 12x=2((x+ 37 -9) [sowe already have a=2 and 5 = 3]
Mow 2xf+12x=2(x+3)12-18
Therefore:
2+ 120+ 23=2(x+ 3P -18+23

=2x+3P+5



Exercise 1.3

1

Write without brackets.
(a) (x+3)7 (b)  (x—4) () (x+1¥
(d)  (B3x-2)° (e)  (r+2)x-2) ((  Gx+4)3x-4)

Expand and simplify the following equations into the form ax + by = c = 0.
(@) (x+3P+y+H=x-22+(y-1)2"
(b) (+5P+ v+ 2P =(x-5P+(-2)

©  @x+1P+@-3P=Qxe3R @17

Write the following in the form (x + @) + & using com
(@) x2+8r+10 (b)  x2—10x+23 (€) ¥+2x—4

(d) xf-4x-3 (e) xf-3x+2 (f) x—5x-6

Write the following in the form a(x + 5)? + ¢ using completing the square method .

(@) IxT+6x+7 (b)  Sxf-20x+17 () 2x2+10x+13

Factorise as fully as possible( use any methods).
(a) xf-25 (b)  4xf-36 (c) 4yl — Oyt
(d)  3xf-Tx+2 (e)  3xf-5x+2 (f) 6xi—5x-6

(@) 8x2-2x-15



1.4 Cancelling

The word “cancel” is a very dangerous one. It means two different things, one safe enough
and the other very likely to lead you astray.

You can cancel like terms when they are added or subtracted.

Example 1 Simplify (x2 - 3x) + 3y - 3.
Solution -3+ (3 -1)=-3x+3mg-)=x-)~
The “3x)" terms have “cancelled out”. This is safe enough.

It is also usual to talk about "cancelling down a fraction™. Thus 2 = = However, this tends

to be very dangerous with anything other than the most straightforward numerical fractions.
2 _2 .
Consider, for instance, a fraction such as % If you try to “cancel” this, you're almost
XY+ L)

certain not to get the right answer, which is in fact £ (as we will see in Example 4, below).
v

Try instead to use the word "divide”. What happens when you “cancel down” L is that you

divide fop and bottom by 3. If you can divide both the top and bottom of a fraction by the
same thing, this is a correct thing to do and you will get a simplified answer.

4x+8y 4x =8y

and

Contrast these two examples:

In the first, you can divide both 4x and 8v by 4 and get x + 2y, which is the correct answer
(though it is rather safer to start by factorising the top to get 4(x + 2y, after which it is
obvious that you can divide top and bottom by 4.)

In the second example, you don't do the same thing. 4x = 8y = 32xy. This can be divided by
4 to get 8xy, which is the correct answer. Apparently here only one of the two numbers, 4

and &, has been divided by 4, whereas before both of them were. That is true, but it's not a
very helpful way of thinking about it.

With problems like these, start by multiplying together any terms that you can (like the 4x
and the 8y in the second example). Then, if you can, factorise the whole of the top and/or
the bottom of a fraction before doing any “cancelling”. Then you will be able to see whether
you can divide out any common factors.



4x+6y

Example 2  Factorise and simplify
12x+6y

dx+6y  22x+3y)  2x+3y
12x+6y  6(2x+y) 3(2x+y)

Solution

The top factorises as 2({2x + 3y). The bottom factorises as 6(2x +1).
2 and 6 have a common factor of 2, which can be divided out to give 3.

But (2x + 31) and (2x + ¥) have no common facfor (neither 2 nor x divides into
3y ory, and neither 3 nor y divides into 2x).

So you can't go any further, and the answer is @2x+3y)
(2x+y)
. T +3y
Example 3  Explain why you cannot cancel down - '1 .
X+
Solution There is nothing that divides all four terms (x2, 332, 3x% and 1), and neither the

top nor the bottom can be factorised. So nothing can be done.

x?+2xy

Example 4  Factorise and simplify —.
X+ EJJ:I'

Solution Factorise the top as x(x = 2y) and the bottom as y{x + 2y):

x4+ 2xy _ x(x+2y)
w2y Hx+23)

Mow it is clear that both the top and the bottom have a factor of (x + 2.

So this can be divided out to give the answer of 2 .
v

Don't “cancel down”. Factonise if you can, divide all the top and all the botfom.




Taking out factors

I am sure you know that 7x? + 12x* can be factorised as x4(7 + 12x).

You should be prepared to factorise an expression such as 7(x + 2)2 + 12{x + 2)% in the
same way.

Example 5 Factorise T+ 22+ 12(x + 2

Solution  T(x+ 20+ 12(x + 2P = (x + DHT + 12(x + 2))
=(x + 2)(12x + 31).

The only differences between this and 7x2 + 12x* are that the commaon factor is (x + 2)* and

not x*; and that the other factor, here (7 + 12(x + 2}), can be simplified.

If you multiply out the brackets you will get a cubic and you will have great difficulty in
factorising that. Don’t multiply out brackets if you can help it!

Exercise 1.4

1 Simplify the following as far as possible.

(a) Sx+3v+Tx-3y (b) I +dy++xi-doy-n

4 =6x 4x0x Ix+xy
(c) (d) (e) -
2 2 X
Ixxxy 4x+10y Jx— 6y
] ] h A
Y X (@) Bx+6y (R) 9x-3y
oy 2
0 dx+9y (i) dx+ 6y (k) Sy +6)
2x+3y 6x+9y 10x+12y
3 +4y7 x-3 P =2a— 37

O ey S Ry



2 Make x the subject of the following formulae.

: Irax 43?7
ax _ B b =
(a) Pa (b)  E
3 Simplify the following.
O ORELEER
4 Simplify into a single factorised expression.

(a) (x—=3P¢+5(x-3)0 (b) dx(2x+ 1P+ 520+ 1)#
- (€) LA(E+D+(k+1) (d)  LhAA+D(2k+D+(k+1)°
] Factorise and simplify as far as possible.

x* +6x+8 3x--2x-8
L TerTe b 2 —eAme
(@) x—x—6 (b) x° -4
@ G -2+ @ 2(2x-1)* - x*(2x-1)
x+2x-3 (x—1)*




1.5 Simultaneous equations

| am sure that you will be very familiar with the standard methods of solving simultaneous

equations (elimination and substitution). You will probably have met the method for solving
simultaneous equations when one equation is linear and one is guadratic. Here you have no
choice; you must use substitution.

Example 1  Solve the simulianeous equations x+3y=46

x+12=10
Solution Make one letter the subject of the linear equation: x=0 -3y
Substitute into the quadratic equation (6-3E+2=10
Solve ... 102 —36y+26=10
-1 (5v-13)=0
... to get two solutions: y=1lor2o
Substitute both back into the linear equationx=6-3v=3 or-1.8

Write answers in pairs:{x, 1) = (3, 1) or (1.8, 2.8)

* You could have substituted for v instead of x (though in this case that would
have taken longer — try to avoid fractions if you can).

» |tis very easy to make mistakes here. Take great care over accuracy.

» [t is remarkably difficult to sef questions of this sort in such a way that both
pairs of answers are nice numbers. Don't worry if, as in this example, only one

pair of answers are nice numbers.

(Questions like this appear in many GCSE papers. They are often, however, rather simple
(sometimes the quadratic equations are restricted to those of the form x2 + 12 =a) and it is
important to practice less convenient examples.




Exercise 1.5 (Practice to build your confidence.

You don’t have to complete all questions).

Solve the following simultaneous equations.

1 x4+ xp=12 2 xlodx+yl=121
x+y=10 y=3x-21

3 xeyp+yi=1 4 x_2xy+yl=1
x+ly=-1 y=u

5 ct+di=35 6 x+2y=15
Ic+4d=1 x=128

7 xI+3xy +y2=0 8 X+ 4y +6pl=4
Ix+dp=1 e+ =1

9 dxl+42=17 10 2x2-3xy+32=0
Ix+y=15 x+y=9

11 M+ A+ 52=15 12 xp+xi+y2=7
xX—y=1] xX=3y=5

13 xX+3xg+52=5 14 dx? —dxy -3pi=120
x=y=1] x=-3y=10

15  a—y2=11 6 2.1_3

X 1

x—y=11 x+y=17




1.6 Number.

Fractional and negative powers, and surds.

This may seem a rather difficult and even pointless topic when you meet it at GCSE, but you
will soon see that it is extremely useful at A Level, and you need to be confident with it.

Negafive powers give reciprocals (1 over the power).

Fractional powers give roots (such as 3Vx).

x® = 1 for any x (apart from 0° which is undefined).

Examples &) Il? =7 m) =X @ #0=1
(d) ¥x =x*. The easiest way of seeing this is to write it as (x ]l*.

Take particular care when there are numbers as well as negative powers.

10 -1 1 1 ,
Example . 10x bim mx ur(lﬂx}'

The usual rules of powers and brackets tell you that 10x~! is not the same as (10x)~.

You will make most use of the rules of surds when checking your answers! An answer that
ou give as will probably be given in the book as 2./3 , and as 3++/7 . Before
you g T probably be g V5 m N7

worrying why you have got these wrong, you should check whether they are equivalent!

Indeed, they are, as

3

3

|||
a{fﬁ.n

Il

'l'-.l

and

2 3+.,ﬁ 23++7) 1(3+,ﬁ)_3T(
TW3+ﬁ -1 9-7




The first of these processes is usually signalled by the instruction “write in surd form” and the
second by “rationalise the denominator”.

Remember also that to put a square root in surd form you take out the biggest square factor
you can. Thus 448 = v16 » 43 = 443 {noting that you should take out V16 and not v4).

Exercise 1.6

1 Write the following as powers of x.
@ - b = © & @ ¥ e L o -=

2 Write the following without negative or fractional powers.

@ x* () ® (@ W6 () B (g 32

Write the following in the form ax®.

. 3 5 1
a 45 b — C - d . e 6
(a) Vb = (@ = d 5= (@
Write as sums of powers of x.
i b Y41 / N
(8) x| x+l ) J— © xxsl]
\ X/ X | x° )

Write the following in surd form.

2 og L 3
(@)  J75 (L300 (o) 7 (d) = (e) =

Rationalise the denominators in the following expressions.

1 b 2 6 d !
(a) ﬂ_l (b) -\I'E—E (c) -\Ill?_+2 (d) 3+M|rj—
1
©
Simplify —_* .t .t ., . !
R R N N N T




No doubt you will have plotted many graphs of functions such asy = x2 -
3x + 4 by working out the coordinates of points and plotting them on
graph paper. But it is actually much more useful for A Level mathematics
(and beyond) to be able to sketch the graph of a function. It might sound
less challenging to be asked to draw a rough sketch than to plot an
accurate graph, but in fact the opposite is true. The point is that in order
to draw a quick sketch you have to understand the basic shape and some
simple features of the graph, whereas to plot a graph you need very little
understanding. Many professional mathematicians do much of their basic
thinking in terms of shapes of graphs, and you will be more in control of
your work, and understand it better, if you can do this too.

When you sketch a graph you are not looking for exact coordinates or
scales.

You are simply conveying the essential features:

« the basic shape

« where the graph hits the axes

« what happens towards the edges of your graph
The actual scale of the graph is irrelevant. For instance, it doesn't matter
what the y-coordinates are.

2.1 Straight line graphs
| am sure that you are very familiar with the equation of a straight line in
the form y = mx + ¢, and you have probably practised converting to and
from the forms

ax+by+k=0 or ax+by=k,
usually with a, b and k are integers. You need to be fluent in moving from
one form to the other. The first step is usually to get rid of fractions by
multiplying both sides by a common denominator.




Example 1 Write y = 2x-2 in the form @x + by + k =0, where a. & and & are integers.

Solution Multiply both sides by 5: Sy=3x-10
Subtract 3y from both sides: 0=3x-5v-10
ar Ix-3y-10=0
In the first line it is a very common mistake to forget to multiply the 2 by 5.

It is a bit easier to get everything on the right instead of on the left of the equals sign, and
this reduces the risk of making sign errors.

In plotting or sketching lines whose equations are written in the form gx. + 5y = &, it is useful
to use the cover-up rule:




Example 2 Draw the graph of 3x+4y=24.

Solution Put your finger over the “3x". You see "4y = 24",

This means that the line hits the y-axis at (0, 6).

Repeat for the “41”. You see "3x = 24"

¥
H
This means that the line hits the x-axis at (8, 0). (0. 6)
[NE: not the point (8, 6)1]
Mark these points in on the axes.
You can now draw the graph. (8, 0)
. > X

Exercise 2.1

1

Rearrange the following in the form gy + by + ¢ = 0 or g+ &y = ¢ as convenient,
where a, b and ¢ are integers and a = 0.

(a) y=3x-2 (b) y=ix+3
[C} .}'=-f.‘&'+3 {d} J?:%r-%
(e) y=—3x+3 (f) y=3x—%

Rearrange the following in the form y = mx + ¢. Hence find the gradient and the
v-intercept of each line.

(a) 2x+y=8 (b) dx-y+9=0
¢y x+35=10 (d) x-3y=15

(e) 2x+3y+12=0 ()  Sx-2y=20
(@ 3x+5r=17 (h) Tx-4y+18=0

Sketch the following lines. Show on your sketches the coordinates of the intercepts of
each line with the x-axis and with the y-axis.

(a) 2x+y=8§ (b) x+5y=10
(c) 2x+3y=12 (d) Ix+5y=30
(e) 3x-2y=12 (f) dx+35y+20=0



2.2 Basic shapes of curved graphs

You need to know the names of standard types of expressions, and the graphs associated
with them.

(@)  The graph of a quadratic function (e.g. y = 2x? = 3x + 4) is a parabola:

Notes:

« Parabolas are symmetric about a vertical line.

+ They are not U-shaped, so the sides never reach the vertical. Neither do they dip
outwards at the ends.

These are wrong:

(b)  The graph of a cubic function (e.g. ¥ = 2x* — 3x* + 4x — 5) has no particular name; it's
usually referred to simply as a cubic graph. It can take several possible shapes:



(c) The graph of v= a fumber is a reciprocal:
X

The graph of a reciprocal gets closer and closer to the axes without ever actually touching
them. This is called asymptotic behaviour, and the axes are referred to as the asymptotes
of this graph.

a number

(d)  The graph of v= 7
X

iy
v

i
w1




Exercise 2.2
Sketch (do not plof) the general shape of the graphs of the following curves.

Axes are not required but can be included in the questions marked with an asterix.

1 y=xt-3x+2 2 y=-xt+35x+1
3 y=1-x? 4 v={x-2)x+4)
3 yv={3-x)2+x) [ y={(1-x}5-x)
7 y=x3 8 y=-x3
q }J:E 10 }J=_E

X
11 y=%



2.3 Factors

Factors are crucial when curve-sketching.
They tell you where the curve meets the x-axis.
Do not multiply out brackets!
Example Sketch the graph of y = (x - 2)(x + 3).
Solution The graph is a positive (happy!) parabola
so start by drawing the correct shape

with a horizontal axis across it.

The factors tell you that it hits the r-axis

atr=-3 andx=2.

-3
Mark these on your sketch:
and only now put in the y-axis, which is
clearly slightly nearer 2 than -3: 3

Note: the lowest point on the graph is
not on the y-axis. (Because the

graph is symmetric, itis atx = -

P |
et



Exercise 2.3

Sketch each of the curves below. Use a different diagram for each.
Show the x-coordinates of the intersections with the x-axis.

1

10

y=x2 2 y=(x-1@x-3)
y=(x+2)x—4) 4 y=x(x-3)
y=(+2)(3x-2) 6  y=x(4x+3)
y=—x(x—3) 8 y=(Q-xn@x+1)
y=(-x)2+x)

Sketch, on separate axes, the following graphs. Show the x-coordinates of the
intersections with the x-axis.

@ y=4-3

(b v=(x-2)x+1)
(c) y=—x-2}x+1)
(

(

e

d
e) yv={(1-x)2+x)

e

yv=x(x+4)



Answers

Exercise 1.1
1 (a) p=7 (b) g=3
2 (a) x=1 (b) x=35
3 COEC—HI-'-b!_E!
T 2ab
4 (a)  2(x+3) (b)  4x+1)
5 (a) x=—4 (b) x=0
2b—ad ad—2h
6 (a) = ac—h (or b—ar )
7 (a) a (b) 4 (c) ¢
Exercise 1.2
1 @ X ow =g X
y 4y
15x* 3yt 3xy®
(e) ph) () . (9) <
2 (a) X= % (b) X=3 %
1+x 2+x
3 (a) 1+3x (b) 3i—x
4 { EI} Ix+3 b x+7
(x—1){x+3) (x=3)x+2)
I+5 2x-3
(d) m (e) 1
{ !I_I} ox—-1

A2x—1)2x+1)

x=-34

3 +7)

I=I

o

Lo dd-5
bc-2

5x°
6y

Sa
12xyz?

N+V

T=—
2t

3+2x
2+x

x+3

(d}  2(x-3)
or = 30=9)
2 ke

37
e

(2x-1)}3x+2)

x+3

x+1



5 (a) 2x+1 (b) Ix+3 (c) 2x-2

o x+3 dx—=2
6 (a) 1+—— ) 1-—> © 1-—— )  1-—
x—=5 x+1 X+5 x-2
Exercise 1.3
1 (@) x%+10x+25 (b) xP-8x+16 (c) 4y +4x+ 1
(d)  xI-12x+4 (e) xi-4 (f) oxl_ 16

2 (a) x+y+2=0
(b) Sx=2y=0
(€) x+y=0
3 (@ @+HE+3 (b)) (x=5P-2 (¢ (x+132-3
(d)  @-22-7 () (x—1%P—% ()  (x—2%)2—12%
4 (&) 3x+12+4  (b) S(x—20-3 (€) 2(x+24)%+ Y%
5 (&) (x=5)(x+5 (b) 4x-3)(x+3) (¢ 2x-HD 2+
(d) Gx—1)(x=2) (e} Gx—2@x—1) () (Bx+2)(2x-3)

(g) (4x+3)(2x-3)

Exercise 1.4
1 (a) 12x (b)  4x2
@ 2e3 @ 1 @ 3+
; 2x+5y x=2y
() 3x (9) iy (h) —
(i) can't be simplified  (j) 2 (k) Y
3 2

(1) can't be simplified (m) -1 (n) -1




2 () x=% (b)
3 (a) % (b)

4 [see Example 5]

(a) (x-3)Y(5x-14)

(€)  L(k+1)(k+2)

x+4

5 (a) E

x+1

(c) 1
Exercise 1.5

1 24961
3 (1,-1),(-1,0)

5 2.-1).(-%. %)
7 =5.4). (5. -%)
9 (2.1). (5.4

1M 2 1(-:-%)
13 (5.5 (-3.-2)

15 (6. -5) (only)

Exercise 1.6
1 (a) 1! (b) =
2 @ 4 o 1

10
12
14

16

(c)

(2x + 1¥°(14x + 3)

+(E+1)(k+2)(2k+3)

r+4
x+2

W2x-1)
r-1

(6,-3). (7.0)
(1,2). (-1.-2)
(7.4). 8. 3)

1. 1).0(5. -5)
(3.6). (3. 7)
1.-2).(=.-=)
(2. -2) (only)

(6. 1).(%. )



3 (a) 45 (b)) 3T (o) 512 (d) Wwed (e) 60

4 (a) x*+x2 (b)  xT+x2 (€) xH+x7
5 (a) 33 (b} 6V (¢ 246 (d) %45 (e)
6 (a) 2+1(p) V6+2(c) 2(7-2) (d)  L3-45) (8)  WE+43

7 (V2 =)+ (3 —42) + (V4 =3+ .+ (100 - 4/09) =100 -1 =9,

Exercise 2.1
1 (a) 3x-y=2 (b) x—2v+6=0
(€) 3x+4y=12 (d) 14x—4y=35
(e) 8x+12y=0 f  12x-21y=14
2 (a) y=-2x+8:-28 (b) v=4x+9:40
() y=-ix+2;-4.2 (d) wy=4ix-5;4i{.-5
() y=-ix-4:-1.-4 ()  y=3x-10:2.-10

@ y=-ixe3i-i% 0 ) y-




(b)

(a)

10

|

o

|2

L

(d)

(c)

=

10

L2

4

L

f)
> x

S

(e)




Exercise 2.2







10  (a) (b)

TS
Fant
'Iq
A
]

(c) /"\ (d)
1 P 1
(e)

NOTE: in parts (b) and (c) in particular, the maximum or minimum point is nof on the y-axis.




THANK YOU!
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